We use an elastic model to explore faceting of solid-wall vesicles with elastic heterogeneities. We show that faceting occurs in regions where the vesicle wall is softer, such as areas of reduced wall thicknesses or concentrated in crystalline defects. The elastic heterogeneities are modeled as a second component with reduced elastic parameters. Using simulated annealing Monte Carlo simulations we obtain the vesicle shape by optimizing the distributions of facets and boundaries. Our model allows us to reduce the effects of the residual stress generated by crystalline defects, and reveals a robust faceting mechanism into polyhedra other than the icosahedron.
The stretching energy of a five-fold disclination on a plate of radius r is ∝ r 2 [12] . If the plate is allowed to buckle out of plane it can reduce the stretching energy at the expense of a bending penalty that is ∝ log r [12] and form a cone with the apex centered at the defect. On a sphere these two energies follow the same scaling laws, albeit with different prefactors [13] . If the sphere is sufficiently large it can lower its energy by buckling into an icosahedron via a similar conical deformation seeded at the twelve defects [14] . Recently we have shown that if a vesicle is assembled of multiple molecular species with different elastic properties, depending on the relative ratio and the line tension of the components, it can take a number of regular and irregular polyhedral [15] or Janus-like shapes [16] .
These results suggest that a more general buckling mechanism is possible when the vesicles are not elastically homogeneous. However, in a previous work [15] we studied two-component elastic shells with the twelve five-fold defects fixed to the corners of an inscribed icosahedron. Here we show that faceting occurs even if such restrictions are lifted. In this paper we introduce a nonlinear elastic model to study faceting of a vesicle with solid domains connected with soft boundaries. We argue that material heterogeneities, such as local variations in the wall thickness or due to defects in the crystalline order, can lead to local softening of the vesicle wall and provide a pathway for lowering the energy. In order to satisfy both, the preferred local flatness of the solid domains and the curved global geometry the curvature is focused along the softer domain boundaries, which leads to faceting of the entire vesicle.
We assume that the vesicle wall is thin compared to its radius, R, and can be represented as its two-dimensional midsurface. Such an approximation is indeed justified as the vesicle wall is typically a few nanometers thick compared to the radius that ranges from tens of nanometers to microns. The midsurface can be parametrized with two parameters s 1 and s 2 , as a locus of points r = r s 1 , s 2 . The metric tensor is defined as g αβ = ∂ α r · ∂ β r, where α, β = 1, 2. The second fundamental form, related to the surface curvature, is given by b αβ = ∂ αβ r · n, with n being the unit normal. The elastic energy of the midsurface can be written as [17] E =ˆdAA
where u αβ = 
with u 
is the bending rigidity. The prefactor of the Gaussian curvature term is negative and proportional to κ, thus suppressing saddlelike (K < 0) conformations. For a homogeneous vesicle with fixed topology the Gauss-Bonnet theorem ensures that dAK = const. and the Gaussian curvature term can be omitted. However, for a multicomponent vesicle, as is the case here, this term must be retained.
Variation of Eq. (1) with respect to u αβ and b αβ leads to a set of nonlinear partial differential equations for the mechanical equilibrium [18, 20] . Instead of directly solving those equations, which is a formidable task even in simple geometries, we opt for a numerical minimization of the energy, Eq. (1), via Monte Carlo (MC) simulations. The vesicle is represented as a discrete triangular mesh with two types of triangles, soft and hard. From Eqs. (2) and (3) it is evident that for a fixed Young's modulus Y and Poisson's ratio ν both bending and stretching moduli depend only on the vesicle wall thickness, h. Therefore, for simplicity, we assume that the elastic properties of a component are determined by its thickness, with the soft component being thinner. This allows us to explore the phase behavior as a function of only two parameters, relative thickness η = h hard h sof t and the fraction f of the soft component. We keep in mind, however, that in the experimental systems the elastic properties are likely to be determined by the local organization of the molecules rather than by the thickness variations. The discrete stretching en-
whereF =ĝ −1ĝ −Î is the Cauchy-Green strain tensor, A T is triangle area and the sum is carried out over all triangles. Matricesĝ andĝ are the discrete versions of the reference and actual metric tensors, respectively, whose elements are the scalar products of the two vectors spanning each triangle before and after the deformation. The bending energy of the discrete mesh is [12] 12, 22] and the sum runs over all pairs of the nearest neighbor triangles. We point out that the last expression is actually a discrete version of the continuum energy´dAκ 2H 2 − K [12] . Therefore, we also need a discrete expression for the κν´dAK term. Gaussian curvature at a vertex i is [23] 
Ki
Ai , where the i-sum runs over the three vertices of triangle T .
The surface mesh was constructed by building a triangulation with N v vertices randomly (but evenly) distributed on a sphere. The mesh with N t triangles was generated with the 3D Surface Mesh Generation package in the CGAL library [24] . [1] . N sof t t = f N t , where f = 0.01 . . . 0.4 is the fraction of randomly chosen triangles were designated as soft. For a given random mesh we have explored at least two different initial random distributions of the soft triangles, removing a possible bias caused by a particular choice of the initial distribution of the components. The reference metricĝ is an input parameter in our model and was chosen to be that of the initial triangulation, which removes the instability toward buckling into an icosahedron discussed in Ref. [14] . However, some residual stress is still present as the stretching energy is minimized in the spherical configuration while the bending energy favors flat faces. In order for the bending energy to win, the vesicle wall has to be sufficiently thick. From Eqs. (2) and (3) bending and stretching energies are comparable at h ≈ a, where a is the unit length set by the average edge length of a triangle. Our model implicitly assumes that each triangle contains a sufficient number of microscopic degrees of freedom such that the molecular details are of no importance. In an typical amphiphilic system a ≈ 5nm sets the length scale down to which the continuum description is applicable. We set h hard = a (a ≪ R and the thin plate approximation is valid) and note that in the h hard → 0 limit the vesicle would remain spherical regardless of the thickness ratio η = h hard h sof t . Therefore, in our model a finite thickness is essential for faceting to occur. Settingĝ to be flat leads to interesting effects which will be addressed elsewhere. In order to find the optimal vesicle shape and the distribution of components simulated annealing MC simulations were performed. A MC step consisted of two moves: (i) A random displacement of a vertex was attempted, followed by (ii) an attempted swap of the component types of a randomly chosen pair of triangles. Both moves were accepted according to the Metropolis algorithm. The system was heated up and cooled down using a linear cooling protocol followed by three consecutive exponential cooling runs. For each run, the configuration found to have the lowest energy was recorded. A typical run consisted of 4 × 10 5 MC sweeps. Note that the triangle type swap move is just a tool optimize the component distribution and does not correspond to the actual redistribution of the molecules that occurs during the vesicle assembly. The actual kinetics of the self-assembly process is complex and beyond the scope of this work.
We set Poisson's to ν = 1 3 , measure energies in units of Y h/a 2 and measure mean and Gaussian curvatures in units of 1/a and 1/a 2 , respectively. Note that the energy landscape is complex and the simulated annealing is unlikely to find actual ground state configurations. However, all obtained structures are qualitatively reproducible and are thus referred to as typical. In Fig. 1 we present snapshots of typical vesicle shapes for a range of fractions f of the soft component and relative thicknesses, η = h hard h sof t . For f 0.1, the soft component forms elongated, mutually disconnected ridges on the vesicle surface. The vesicle remains nearly spherical with slight distortions near the ridges. As f increases to ≈ 0.2, ridges begin to merge and facets develop. The onset of faceting is not sharp and appears to be sensitive to η. If the amount of the soft component is further increased the number of facets increases and they become smaller in size. We speculate that for f 0.5 this would no longer be the case and the soft component would form islands; however, we have not explored this regime as it is not applicable to the experimental systems of present interest. The hard-component facets are, however, not perfectly flat and their curvature depends on η. For η 1.5 the vesicle appears almost spherical, while for η 2.5 its shape is clearly polyhedral.
In Fig. 2 we show the distribution of the stretching and bending energies on the vesicle surface for η = 2.0 and f = 0.25. As expected, the stretching energy is highest along the boundaries where the material is soft. Note that the stretching energy is particularly large near the kinks in the soft boundary suggesting that such structures are probably not energetically preferred. Relaxing these kinks requires a coherent global redistribution of the components that is very hard to achieve in most numerical optimization schemes.
In Fig. 3 we show the distribution of the mean curvature for a vesicle with f = 0.25 and η = 2.0 with two distinct peaks. The sharper peak at low H corresponds to the facets, while the weaker broader peak at a larger H represents the curvature at boundaries. A projection plot of H clearly shows that the high curvature is condensed along lines. Distribution of the Gaussian curvature is shown in Fig. 4 with a sharp peak at zero. Although K = 0 on the facets, H > 0 indicating that the facets are not flat but locally cylindrical. Gaussian curvature is localized along the soft grain boundaries as can be seen in the projection plot in the inset in Fig. 4 . We note that a number of vertices have K < 0. Such regions locally resemble saddles and are located along the soft-component ridges. A detailed analysis of this effect would require a finer mesh and a more accurate minimization technique than used here.
We have implemented a general non-linear elastic model to analyze faceting of solid-wall vesicles with soft domain boundaries into polyhedra other than icosahedra. By choosing a suitable reference metric state, we have removed the in- stability toward buckling into the icosahedron seeded at the twelve five-fold defects [14] . While topological defects are still present as required by the spherical topology their effects are treated implicitly by assuming that they collect at the boundary between facets making the vesicle wall locally soft. Consequently the long-range effect of the stress produced by the defects are substantially suppressed resulting in faceting into irregular polyhedra. We believe that our model qualitatively explains the faceting observed in small DPPC vesicles [4] and vesicles coassembled by oppositely charged amphiphiles [6] . We conclude by noting that other nonspherical shapes have also been observed in multicomponent liquid vesicles [23] and in vesicles assembled of smectic polymer molecules [25, 26] .
